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ABSTRACT
Theoretical models of the ionization state in protoplanetary disks suggest the existence of large areas with low
ionization and weak coupling between the gas and magnetic fields. In this regime hydrodynamical instabilities
may become important. In this work we investigate the gas and dust structure and dynamics for a typical T Tauri
system under the influence of the vertical shear instability (VSI). We use global 3D radiation hydrodynamics
simulations covering all 360◦ of azimuth with embedded particles of 0.1 and 1mm size, evolved for 400 orbits.
Stellar irradiation heating is included with opacities for 0.1- to 10-µm-sized dust. Saturated VSI turbulence
produces a stress-to-pressure ratio of α ' 10−4. The value of α is lowest within 30 au of the star, where thermal
relaxation is slower relative to the orbital period and approaches the rate below which VSI is cut off. The
rise in α from 20 to 30 au causes a dip in the surface density near 35 au, leading to Rossby wave instability
and the generation of a stationary, long-lived vortex spanning about 4 au in radius and 40 au in azimuth. Our
results confirm previous findings that mm size grains are strongly vertically mixed by the VSI. The scale height
aspect ratio for 1mm grains is determined to be 0.037, much higher than the value H/r = 0.007 obtained
from millimeter-wave observations of the HL Tau system. The measured aspect ratio is better fit by non-ideal
MHD models. In our VSI turbulence model, the mm grains drift radially inwards and many are trapped and
concentrated inside the vortex. The turbulence induces a velocity dispersion of ∼ 12 m/s for the mm grains,
indicating that grain-grain collisions could lead to fragmentation.
Keywords: Protoplanetary disks, accretion disks, Hydrodynamics (HD), radiation transfer, Turbulence
1. INTRODUCTION
The dynamical states of protostellar disks during the first
million years after their formation are crucial for understand-
ing planet formation processes. As the coupling of the mag-
netic field to the gas in these dense and cold disks is be-
lieved to be weak (Turner et al. 2014; Armitage 2019), it
seems likely that various hydrodynamical instabilities play
important roles, such as the Goldreich−Schubert−Fricke
(GSF) instability (Goldreich & Schubert 1967; Fricke 1968),
the convective instability (Cameron & Pine 1973), the
Papaloizou−Pringle instability (Papaloizou & Pringle 1984),
the baroclinic instability (Klahr & Bodenheimer 2003; Lesur
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& Papaloizou 2010), the convective overstability (Lyra 2014;
Klahr & Hubbard 2014), the zombie vortex instability (Mar-
cus et al. 2013, 2015; Lesur & Latter 2016; Umurhan et al.
2016) or the spiral wave instability (Bae et al. 2016). In re-
cent years, it has become clear that hydrodynamical instabil-
ities might play important roles in explaining the structure
and evolution of protoplanetary disks (Nelson et al. 2013;
Lin & Youdin 2015; Stoll & Kley 2016; Flock et al. 2017b;
Manger & Klahr 2018; Hartmann & Bae 2018), while the
more general role played by hydrodynamical instabilities
in driving angular momentum transport remains unresolved
(Fromang & Lesur 2019). A special focus has been placed
on the GSF instability, later renamed for disks to the verti-
cal shear instability (VSI), which is believed to operate in
regions where the magnetic coupling is low and the ther-
mal equilibrium timescale is much shorter than the dynam-
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ical timescale (Urpin & Brandenburg 1998; Nelson et al.
2013; Lin & Youdin 2015; Richard et al. 2016; Malygin
et al. 2017; Latter & Papaloizou 2018; Pfeil & Klahr 2019;
Lyra & Umurhan 2019). Recent hydrodynamical simulations
have found that the VSI develops in the non-linear regime
to produce vortices (Richard et al. 2016; Manger & Klahr
2018) due to the Rossby-Wave-Instability (Li et al. 2000).
Also, works on the VSI have found stress-to-pressure ratios
α (measuring the r−φ component of the Reynolds stress ten-
sor) ranging from α = 10−6 to α = 10−3 (Nelson et al. 2013;
Stoll & Kley 2014; Richard et al. 2016; Flock et al. 2017b;
Manger & Klahr 2018). Of special interest for planet forma-
tion models are the dust dynamics, and the spatial structure
of the dust distribution, which are driven by VSI turbulence.
Continuum observations by the Atacama Large Millimeter
Array (ALMA) which trace the dust thermal emission have
revealed astonishingly thin dust structures in the vertical di-
mension (ALMA Partnership et al. 2015; Pinte et al. 2016;
van Boekel et al. 2017; Liu et al. 2017). One way to explain
these thin dust components is a low level of disk turbulence.
In our recent work we showed that the magneto-rotational in-
stability operating in the upper layers of the disk, providing
only mild perturbations to the flow in the midplane, would be
able to explain the required degree of vertical mixing (Flock
et al. 2015, 2017b). In contrast, we showed that the charac-
teristic vertical motions of the vertical shear instability effi-
ciently lift up mm size grains (Flock et al. 2017b), leading
to a vertical dust distribution that is much more spatially ex-
tended than inferred from the observations. Previous work
also found that the strength of this vertical mixing is much
greater than expected from the stress-to-pressure ratio α, be-
cause of the inherently anisotropic nature of the turbulence
generated by the VSI (Nelson et al. 2013; Stoll et al. 2017).
Several previous works have demonstrated the appearance
of vortices driven by hydrodynamical instabilities. Exam-
ples include the convective overstability (Lyra 2014; Klahr
& Hubbard 2014) and the non-linear subcritical baroclinic
instability (SBI) (Lesur & Papaloizou 2010). Both of these
instabilities require a thermal relaxation time close to the in-
verse orbital frequency Ω−1. For shorter thermal relaxation
timescales, as present in our model, the SBI does not oper-
ate (Lesur & Papaloizou 2010; Barge et al. 2016), while the
growth of the convective overstability is very slow (Klahr &
Hubbard 2014). In the context of the vertical shear instabil-
ity, Richard et al. (2016) described the appearance of small
scale vortices in simulations of the VSI, driven by radially-
narrow vorticity perturbations that underwent local Rossby
Wave Instability. In models with very short thermal relax-
ation time scales, Richard et al. (2016) found that the aspect
ratios of the vortices was small (typically χ < 2) because
of the strength of the VSI-induced vorticity perturbations,
and they survived for only a few orbits at most. Manger &
Klahr (2018) reported also the appearance of several vortices
in their 3D isothermal hydrodynamical simulations, however
of much larger scales and most likely caused by the Rossby
Wave instability.
In this work we want to re-investigate the turbulent prop-
erties of the vertical shear instability using high-resolution
radiation hydrodynamical simulations covering all 360◦ of
azimuth with stellar irradiation, and the consequences of the
turbulence for the evolution and distribution of embedded
dust grains. Our radiation hydrodynamic stratified disk sim-
ulations treat irradiation by the central star, include realistic
dust opacities and achieve a resolution of more than 70 cells
per disk scale height. The dynamics and structure of the dust
are studied with one million Lagrangian dust particles em-
bedded in the disk. The paper is laid out as follows. In Sec-
tion 2 we present the numerical method and the disk model,
and in Section 3 we present the simulation results for the gas
and dust. In Section 4 we present a discussion of the results
and in Section 5 we draw our conclusions.
2. NUMERICAL METHOD AND DISK MODEL
The radiation hydrodynamic equations are solved using the
hybrid stellar irradiation and flux-limited diffusion method
developed by Flock et al. (2013) as implemented in version
4.2 of the PLUTO code (Mignone et al. 2007). The numeri-
cal setup follows (Flock et al. 2017b) in using the piece-wise
parabolic method (PPM), the Harten-Lax-Van Leer approxi-
mate Riemann solver with the contact discontinuity (HLLC),
the FARGO scheme (Masset 2000; Mignone et al. 2012) and
the Runge-Kutta time integrator. The Courant number is set
to 0.3. The equations solved are:
∂ρ
∂t
+ ∇ · [ρ~v]= 0 , (1)
∂ρ~v
∂t
+ ∇ ·
[
ρ~v~vT
]
+ ∇P =−ρ∇Φ , (2)
∂E
∂t
+ ∇ · [(E + P)~v]=−ρ~v · ∇Φ
−κP(T)ρc(aRT4 − ER)
−∇ · F∗ , (3)
∂ER
∂t
− ∇ cλ
κR(T)ρ
∇ER = κP(T)ρc(aRT4 − ER) , (4)
with the density ρ, velocity vector ~v, gas pressure
P =
ρkBT
µgu
, (5)
gas temperature T, mean molecular weight µg, Boltzmann
constant kB, atomic mass unit u, total energy per unit volume
E = ρ + 0.5ρ~v 2 and gas internal energy per unit volsume
ρ. The closure relation between gas pressure and internal
energy is provided by P = (Γ − 1)ρ with the adiabatic index
Γ. Other symbols include the radiation energy ER, the stellar
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irradiation flux F∗, the Rosseland and Planck mean opacities
κR and κP, the radiation constant aR = 4σb/c, the Stefan-
Boltzmann constant σb, and the speed of light c. The flux
limiter
λ =
2 + R
6 + 3R + R2
, (6)
is taken from Levermore & Pomraning (1981, Eq. 28
therein) with the inverse optical depth per radiation energy
scale length
R =
|∇ER|
κRρER
. (7)
The gas is a mixture of molecular hydrogen, helium, and
heavier elements with solar abundances (Decampli et al.
1978) so that µg = 2.35 and Γ = 1.42. In this work we
consider the frequency integrated irradiation flux at a radial
distance r to be
F∗(r) =
(
R∗
r
)2
σbT4∗e
−τ, (8)
with T∗ and R∗ being the surface temperature and radius of
the star. The radial optical depth to the irradiation flux at
meridional angle θ is given by:
τ(r, θ) =
∫ r
R∗
κ(T∗)ρdust(r, θ)dr = τ0 +
∫ r
R0
κ(T∗)ρdust(r, θ)dr ,
(9)
where R0 denotes the inner radius of the computational do-
main. The quantity τ0 is the inner optical depth provided
by material located between the position where the stellar
magnetic field truncates the disk at 3R∗ and the innermost
radial position of our simulation domain R0. We choose
τ0 = κ∗ρR0 (R0 − 3R∗).
As in the previous work we use two opacities, one to the
starlight κ∗ = 1300 cm2 g−1, and the other to the disk’s
thermal re-emission κd = 400 cm2 g−1. These are Planck-
weighted averages of the frequency-dependent dust opac-
ity, at respectively the stellar temperature and a typical re-
emission color temperature of 300 K. The starlight opacity
exceeding the thermal re-emission opacity yields a warm sur-
face layer that is opaque to the starlight but optically-thin to
its own emission (Chiang & Goldreich 1997). To be able to
compare the results with our previous work we use the same
opacities as in Flock et al. (2017b) and set κR = κP. The
frequency-dependent opacity is calculated using Mie theory
for spheres of silicate and graphite with a power-law radius
distribution of exponent -3.5 between 0.1 and 10 µm (Flock
et al. 2017b).
For all models we use a modified outflow boundary con-
dition, preventing inflow at the radial and θ boundaries. In
addition, we extrapolate the density logarithmically into the
meridional ghost zones. In the radial direction we apply
buffer zones, relaxing the surface density to the initial pro-
file in the region 20-22 au and damping the radial velocity
to zero at 20-21 and 97-100 au. Without these buffers, mass
loss would lower and reshape the starlight-absorbing layer,
altering the temperature distribution. The buffer zones are
excluded when we present our kinematic analysis of the re-
sults.
2.1. Initial condition and run procedure
The initial condition is derived by constructing 2D axisym-
metric profiles of density, temperature and rotation veloc-
ity which are in radiation hydrostatic equilibrium. We use
star and disk parameters from a model of a typical T Tauri
system which has been applied to explain various spatially-
resolved multi-band observations of protostellar disks (Wolf
et al. 2003, 2008; Schegerer et al. 2008, 2009; Sauter et al.
2009; Madlener et al. 2012; Liu et al. 2012; Gräfe et al.
2013). In Table 1 we summarize the parameters that define
the setup. As presented in Flock et al. (2016), we construct
the initial condition by iterating between the radiation trans-
fer and solving for hydrostatic equilibrium. The opacity is
determined the by the dust-to-gas mass ratio of sub-10-µm
grains which we take to be 10−3, the same as in model M3 of
Flock et al. (2017b). This choice yields thermal equilibration
timescales short enough for the VSI to operate as detailed be-
low in sec. 4.2. To obtain the model M3, Flock et al. (2017b)
extended the 2D axisymmetric initial conditions to 3D with
an azimuthal extent of pi/8 radians. Small velocity perturba-
tions were added and the simulation was run for 400 inner
orbits.
To save recomputing the linear growth of the VSI, we here
extend and restart the reference model M3 after 400 inner or-
bits. We first stretch the azimuthal extent by a factor 2 and
then repeat it 8 times to fill the new domain’s 2pi-radian az-
imuthal extent. The stretching keeps the number of azimuthal
cells low enough that the grid fits in the available memory.
We next add small cellwise random velocities with amplitude
10−4cs to the existing velocity field to break the eight-fold
symmetry.
The logarithmically-spaced radial and uniformly-spaced
meridional and azimuthal grids yield cells with aspect ra-
tio approximately 1:1:2 and a resolution of around 70 cells
per scale height. As model M3 produced features that were
mostly axisymmetric, reducing the azimuthal resolution a
factor two is unlikely to influence the results. The simulation
with the new domain is then evolved for a further 400 inner
orbits. After 250 inner orbits, when the VSI turbulence has
reached a new steady state, we distribute uniformly over the
midplane between 25 and 95 au a half-million 0.1-mm and a
half-million 1-mm particles. Each particle is given the local
Keplerian velocity. The Stokes number at the midplane for
the 1mm grains lies between 3 × 10−2 at the inner boundary
and 10−1 at the outer boundary. The radial midplane profile
of the Stokes number is shown in Appendix A.
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Figure 1. Radial profile of the surface density for the initial condi-
tions at t = 0 (black line), at t = 400 orbits (blue dotted line) and
t = 800 orbits (red dashed line).
Surface density Σ = 6.0
(
r
100AU
)−1
g/cm2
Stellar parameters T∗ = 4000 K, R∗ = 2.0 R, M∗ = 0.5 M
Opacities κ∗ = 1300 cm2/g
κd = 400 cm2/g
Dust-to-gas ratio D2G = 10−3
(< 10µm)
Grid r : θ : φ
Domain 20 − 100AU : ±0.35 rad : 2pi rad
Resolution 1024 × 512 × 2044
Table 1. Setup parameters for the 3D radiation HD disk model, in-
cluding the gas surface density, the stellar parameters, the opacities
for stellar irradiation and thermal emission, the dust to gas mass
ratio of small grains (≤ 10µm), the domain and the resolution.
3. RESULTS
In the following we will first present the results on the gas
kinematics, and describe the formation and evolution of a
persistent vortex. We will then focus on the dust evolution
and the steady state dust vertical structure that develops. The
surface density evolution is visible in Fig. 1, which shows the
initial condition at time zero and two snapshots correspond-
ing to evolution after 400 and 800 inner orbits. The first 400
orbits were calculated with a reduced azimuthal domain, and
the results for this part of the run are presented in our pre-
vious work (Flock et al. 2017b). The results between 400
and 800 inner orbits were obtained after extending the az-
imuthal domain, as described in Section 2.1. From now on
when we discuss the results we will let the restart time of 400
orbits correspond to time zero, as we will only discuss the run
whose azimuthal domain lies in the interval 0 ≤ φ ≤ 2pi radi-
ans.
Figure 2. Top: Time evolution of the volume-averaged stress-to-
pressure ratio α. The time average between 100 and 400 inner orbits
is overplotted (blue dotted line). Bottom: Radial profile of α, time
averaged between 100 and 400 inner orbits.
3.1. Kinematics and turbulence
After the full 2pi radian simulation restarts, the VSI quickly
reaches a new steady state. We gauge the turbulence level
by the stress-to-pressure ratio α. We calculate the pressure-
weighted1 stress-to-pressure ratio, using
α =
∫
TrφdV∫
PdV
=
∫
ρv′φv
′
rdV∫
PdV
, (10)
with differential volume dV . The turbulent components of
the velocities indicated by the superscript primes are found
by substracting the azimuthally averaged value at each r and
θ. The time evolution of α is presented in the top panel
of Fig. 2. Over the first 30 inner orbits, the value of α
quickly increases and saturates to a new steady level near
1 The difference between the pressure-weighted and mass-weighted value is
0.5%.
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Figure 3. Normalized azimuthal Fourier power spectrum of the
RMS turbulent speed, averaged in space and time between 50 and
60 au, within 0.14 rad of the midplane, and from 100 to 400 inner
orbits.
α = 1.5 × 10−4. Because the initial state already reflects VSI
turbulence, saturation takes only about one-quarter as long as
in model M3 (see Fig. 3 in Flock et al. (2017b)). We follow
the evolution for 400 inner orbits. The fluctuations over time
in the stress-to-pressure ratio remain small compared to the
mean value.
The radial profile of the vertically and azimuthally aver-
aged α value is shown in the bottom panel of Fig. 2, where an
additional time average between 100 and 400 orbits has been
employed. The profile of α shows an increase, from 8× 10−5
at 25 au to 2.5 × 10−4 at 35 au. Beyond 35 au the α value
remains above 10−4. This increase of α from 25 to 35 au is
connected to the thermal relaxation timescale relative to the
threshold value for the VSI to operate. The small dip at 80 au
might be related to the run’s duration. The steady state might
not be fully established near the outer radius, since the cal-
culation ends before the outer boundary completes 36 orbits.
The turbulent flow speed vrms =
{
(v′r)2 + (v′θ)
2 + (v′φ)
2
}1/2
near the midplane well outside the 35 au surface density dip
has the azimuthal power spectrum shown in Fig. 3. This spec-
trum is averaged over the volume between 50 and 60 au in
radius and within 0.14 radians of the midplane in θ. The
spectrum is further time-averaged from 100 to 400 inner or-
bits, and normalized by its maximum value. The high spa-
tial resolution means we cover three decades in azimuthal
wavenumber. The turbulent spectral energy peaks at the scale
of the circumference, with a shallow decline towards shorter
scales. For azimuthal mode numbers m of 10 to 100 the slope
turns steeper, passing through m−5/3. Between m = 100 and
1000 the slope turns steeper again, and the turbulent motions
at the smallest resolved scales carry four orders of magni-
tude less spectral power than those at the largest azimuthal
scales. Manger & Klahr (2018) found a similar spectral shape
in their VSI turbulence models, though the steepening seen
here at m = 100 occurs in their models at m = 40, likely
due to the lower numerical resolution, steeper radial pressure
profile, or differing thermal relaxation timescale. Manger &
Klahr (2018) used a uniform value trelax = 2 × 10−3/Ω, com-
parable to our smallest value here on the midplane.
Fig. 4 shows a snapshot of the total θ-velocity at 290 inner
orbits. Cuts along the midplane and a representative merid-
ional plane show the 3D structure. The characteristic pattern
of the VSI is visible, with large-scale upward and downward
motions crossing the midplane and reaching the disk atmo-
sphere. Speeds are as great as 100 m s−1 in the atmosphere
and the midplane motions are almost as fast, with amplitudes
up to 50 m s−1. The midplane cut makes clear that the mo-
tions are approximately axisymmetric, with small but notice-
able deviations especially at low wavenumbers.
3.2. Vortex formation and evolution
Here we investigate the formation and evolution of vor-
tices in the simulation. We identify vortices using the verti-
cal component of the vortensity (∇×v)z
Σ
. Fig. 5 shows a map
of the vortensity in the r − φ midplane after 300 inner orbits.
A single large vortex is visible as a dark region with a min-
imum in the vortensity around 30 au. The vortex is located
radially inwards from the gas gap which is visible as a bright
ring. The vortex is fully developed after 150 inner orbits. The
position and size of the vortex are listed in Table 2. We de-
fine the vortex as the region where (∇×v)z
Σ
< 10−11cm2g−1s−1.
The radial extent fluctuates between 3.6 and 4.6au, the az-
imuthal extent between 35 and 45au, and the aspect ratio be-
tween χ = 8.7 and χ = 12.6. This vortex is generated by
Rossby-wave instability and occurs in an annulus where the
instability criterion of Li et al. (2000) is satisfied as we show
in Appendix B. The detailed time evolution of the vortensity
at 30 au is plotted in Fig. 6. During the first 50 inner orbits,
the eight-fold symmetry from replicating run M3 is broken
and a new steady-state develops. Small vortices form and
merge up to 100 inner orbits. Thereafter a single large vor-
tex is present. To lessen this vortex’s drift sideways on the
plot, we shift each row in azimuth according to the orbital
speed at 30 au. The vortex migrates only very slowly in ra-
dius (Table 2). A number of factors influence the speed at
which a vortex migrates, including its size, strength, and as-
pect ratio (Paardekooper et al. 2010). For aspect ratios χ ≥ 7,
Paardekooper et al. (2010) showed that vortex migration can
be very slow, being two orders of magnitude slower than for
a vortex with aspect ratio χ = 2, for example, and hence it is
likely the large aspect ratio of the vortex formed in the simu-
lation (χ ∼ 10) that explains its slow migration. Also impor-
tant to note is that the vortex does not decay and is present
for the whole remaining duration of the simulation. In con-
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Figure 4. 3D map of the θ velocity at 290 inner orbits of evolution.
trast to our previous models of MHD turbulence arising from
the magnetorotational instability (MRI), where a vortex was
repeatedly formed and destroyed at the MRI dead-zone outer
edge (Flock et al. 2015), here the vortex is not destroyed. Ig-
noring MHD effects, Lesur & Papaloizou (2009) showed that
elliptical vortices are unstable with the exception of vortices
with an aspect ratio between 4 and 6, which are stable. How-
ever the growth rate of the elliptical instability which could
destroy the vortex remains small. For the aspect ratio of the
large vortex we predict a growth time of about 100 orbits at
the vortex position (Lesur & Papaloizou 2009). Also, as this
vortex is sustained by the RWI it might not be subject to the
elliptical instability (Lyra 2013). Further longer-term studies
are needed to test the stability of this vortex, but close inspec-
tion of Fig. 5 indicates that the flow inside the vortex is not
smooth, suggesting that the elliptical instability is operating
to generate turbulence inside the vortex, but the tendency of
this interior flow to destroy the vortex is counteracted by the
continuous driving provided by the RWI due to the persistent
pressure bump.
time r [au] ∆r [au] r∆φ [au] χ
150 30.1 4.6 45.1 9.8
200 30.4 3.6 45.3 12.6
300 29.9 4.1 35.6 8.7
400 29.5 3.6 34.8 9.6
Table 2. Vortex parameters: time in inner orbits, radial position,
radial width, azimuthal extent, and aspect ratio.
Many small, short-lived vortices present in our simulation
are visible in Fig. 5. These appear similar to those reported
by Richard et al. (2016), and likely have the same origin,
namely small scale vorticity/vortensity perturbations gener-
ated by the VSI that undergo, local Rossby wave instabil-
ity. In Appendix C, we isolate and observe the formation
and evolution of such a small vortensity minimum. The life-
time is found to be approximately 1.4 local orbits, and this
short life time is likely due to the elliptical instability acting
strongly in these vortices which have small aspect ratios. As
discussed in the next section, small local dust concentrations
arise in these vortices, but are limited by the short lifetimes.
Gas and dust dynamics 7
Figure 5. Midplane vortensity at 300 inner orbits. A large vortex, RWI generated, is seen at 30 au.
3.3. Dust evolution
In this section we describe the results from the evolution
of the 100 µm and 1 mm grains. A snapshot of the 1mm
grains 50 inner orbits after the grains were added is shown
in Figs. 7 and 8, close to edge-on and face-on, respectively.
Most of the 1mm grains remain within ±4au of the midplane.
In the outer regions, an oscillatory structure becomes visible
due to the combination of radial drift and the vertical mo-
tions induced by the VSI. We note that in the outer disk the
grains are not yet fully vertically mixed. For the 1mm grains
we measure a mean inwards drift speed of 7.5 m/s outside of
70 au, which roughly corresponds to 0.2 au per inner orbit.
This value is only slightly less than the analytical estimate of
9 m/s using the initial profiles. Fig. 8 shows the distribution
in a face-on projection at the same time. The distribution
of 1mm grains clearly shows the effect of the surface den-
sity depression with a lack of particles in this region. The
vortex at the inner edge of the steep drop is clearly visible
as a concentration of the 1mm grains to the south-east. The
other disk regions exhibit small scale concentrations of par-
ticles. These concentrations are connected to the short lived
vortices described in Section 3.2 and Richard et al. (2016). A
fully edge-on view and comparison between both grain sizes
can be found in Appendix D.
3.4. Dust vertical structure
A critical ingredient for comparing 3D simulations of gas
and dust with observations is the scale height of the dust
grains. To measure the vertical distribution of the grains we
consider all particles in the radial interval between 30 and 40
au. The particles are sampled by binning onto a high reso-
lution grid with 1000 cells in the θ direction. The distribu-
tion is calculated at each inner orbit and then averaged from
30 inner orbits after introducing the dust particles until the
end of the run. As we have shown in Flock et al. (2017b),
grains at this position have already been mixed well enough
to describe a new steady profile. The results are shown in
Fig. 9. The plot shows that the 1 mm grains are mixed up
very efficiently. We fit the dust scale height hd = Hd/R with
a value of h1mmd = 0.034. This value is much higher than
has been inferred from observations of the HL Tau system
(Pinte et al. 2016), with h1mmd = 0.007, and higher than what
we found in our previous non-ideal magnetohydrodynamical
models (Flock et al. 2017b).
We also compare our results with the well-known equi-
librium solution for dust settling in a turbulent medium
(Dubrulle et al. 1995)
hd =
hg√
1 + St
D˜
(11)
with the gas scale height in units of the radius hg = H/R,
the Stokes number, St, and the dimensionless diffusion co-
efficient D˜ defined as D = D˜csH. The dimensionless diffu-
sion coefficient is often expressed in units of the α param-
eter D˜ = α/Sc (Dullemond & Dominik 2004; Schräpler &
Henning 2004) with the Schmidt number Sc close to unity
(Johansen & Klahr 2005; Turner et al. 2006). By using the
values from our simulations for the 1 mm grains between 30
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Figure 6. Vortensity versus azimuth and time calculated at the mid-
plane of the disk and averaged between 29 and 31 au. After vortices
grow by RWI and merge up through 100 orbits, the merger remnant
remains similar in size and strength for 300 inner orbits (∼ 163 local
orbits).
and 40 au, St = 5× 10−2, α = 2× 10−4 we obtain hd = 0.007,
a similar value to what we found in our non-ideal MHD sim-
ulations (Flock et al. 2017a) and to what has been inferred
for the mm dust in HL Tau (Pinte et al. 2016). However to
obtain the value hd = 0.034, which we directly fitted to the
dust grain distribution, we need to assume αz = 5.4 × 10−3,
which tells us that the VSI is 27 times more efficient in mix-
ing vertically than in transporting angular momentum radi-
ally. We therefore suggest that if the VSI is operating in the
HL Tau disk, the vertical mixing might be quenched either
by non-ideal MHD effects by a magnetized wind layer (Cui
& Bai 2019) or by dust drag due to a high dust to gas mass
ratio (Pinte et al. 2016; Lin 2019a). Recently Schäfer et al.
(2020) obtained results showing the VSI operating together
with a dust layer. The efficiency of the streaming instability
in these environments remains still under investigation (Yang
et al. 2018; Umurhan et al. 2019; Schäfer et al. 2020; Chen
& Lin 2020). We discuss more on the dust scale height mea-
surements in Section 4.7.
Following Fromang & Papaloizou (2006), another way to
express the vertical diffusion is given by D = τeddy
〈
v2z
〉
. To
compare with previous models by Stoll & Kley (2016) we
determine the eddy timescales τeddy. For the 1mm grains we
determine in the annulus between 30 and 40 au (< v2z >)
1/2 =
0.0166cs which leads to τeddy = 0.209Ω−1. A similar value
τeddy ≈ 0.2 was found by Stoll & Kley (2016) for the vertical
diffusion of particles (see Section 4.3 therein).
3.5. Individual grain motion
We illustrate how the grains evolve by here showing four
representative particles, chosen at random from among the
0.1-mm particles, and four from among the 1-mm particles.
Fig. 10 shows the spatial and thermal evolution of the four
1-mm grains. All four show a clear radial drift over the sim-
ulation runtime. The time is now given in years as their ra-
dial location is constantly changing. The 1mm grains drift
inwards approximately 20 au in 10,000 years. Fig. 10, top
left panel, also shows that locally the radial drift can be re-
duced (see green dash dotted line) or can halt inside the vor-
tex (blue dashed line). The vertical distribution of the four
grains is shown in Fig. 10, top right panel. The VSI’s charac-
teristic upward and downward motions are clearly visible. At
these distances, mm grains need around 5000 to 10000 years
to travel from one hemisphere to the other, around 2 au above
and below the midplane. None of the four mm grains make
excursions up into the regions of the disc that are strongly
heated by the star, as is clear from their temperature evolu-
tion. Fig. 10, bottom panel, shows the temperature evolu-
tion of the grains. We assume the dust and gas temperatures
to be equal. All four grains warm up as they drift inward.
The grain which gets trapped in the vortex (blue dashed line)
shows oscillations in temperature around 40 K, connected to
the radial oscillations due to the vortex rotation. The evo-
lution of four individual 100 µm grains is shown in Fig. 11.
The top left panel shows the radial locations over time. As
expected the radial drift of these grains is strongly reduced
compared to the 1 mm grains. Three of the grains show no
substantial radial drift, while one drifts about 5 au in 20 thou-
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Figure 7. 3D plot of the 1mm grains (black dots) viewed nearly edge-on, at 50 inner orbits after injection. The grains’ vertical extent remains
small.
Figure 8. 3D plot of the 1mm grains (black dots) viewed face-on,
at the same time as Fig. 7. Grains are concentrated inside the vortex
at the four o’clock position.
Figure 9. Normalized vertical distribution for 0.1 and 1 mm grain
sizes for an annulus between 30 and 40 au, time and space averaged.
The green line shows the best-fit value by Pinte et al. (2016) for HL
Tau with H/R = 0.007.
Figure 10. Spatial and thermal evolution of four individual 1-mm
grains over time.
Figure 11. Spatial and thermal evolution of four individual 0.1-mm
grains over time.
sand years (blue dashed line). Fig. 11, top right panel, shows
the vertical locations of the grains over time. Due to the their
smaller size they are able to reach higher altitudes in the disk,
spanning a region ±5au about the midplane, showing a sim-
ilar pattern of upward and downward motions to the 1-mm
grains. The 100 µm grains also remain below the disk’s irra-
diated surface layers, as shown by the temperature evolution
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Figure 12. Turbulent speed of one individual 1-mm grain (black
solid line) and the average of all 1mm grains (yellow solid line)
plus and minus one standard deviation (yellow shading).
in Fig. 11 bottom panel. The warm starlight-irradiated layers
begin about 2.2 scale heights or 12 au above and below the
midplane at 50 au.
3.6. Turbulent speeds
To obtain the characteristic turbulent velocities of the
grains we first perform a time average over the full simu-
lation time of each velocity component. This temporal mean
is subtracted from each particle’s velocity at each time step.
This way the radial drift is removed from the radial com-
ponent. The azimuthal component changes erratically with
time, such that a mean azimuthal velocity is not easily cho-
sen. We therefore focus here on the radial and vertical turbu-
lent velocity components, and note that these provide a lower
limit on the turbulent flows’ speed. Fig. 12 shows the time
evolution of the turbulent speed for an individual 1mm grain.
The root-mean-square and standard deviation of all remain-
ing 1mm grains are over-plotted for reference. We determine
a value of vr,θRMS = 11.7 ± 6.7m/s. The 100 µm grains show
a slightly higher turbulent of 14.3 ± 8.0m/s. The representa-
tive individual particle plotted in Fig. 12 shows that locally
grains are accelerated quite substantially to several tens of
meters per second. For the chosen mm grain, for a short time
period the speed exceeds 30 m/s.
4. DISCUSSION
In this section we compare our results with other models
and discuss the implications of our findings. We start with
the turbulent saturation value, followed by the radial profile
of α, then vortex formation, and finally the dust mixing.
4.1. Turbulence saturation value
With our high resolution simulations covering all 360◦ of
azimuth we reach a turbulence level of α  10−4. We note
that this value is around 4 times higher than what we have
found for our previous model with a limited azimuthal ex-
tent. This result is not surprising as larger modes can now
fit into the domain and it is known that the VSI drives per-
turbations with large azimuthal scales (see also the spectrum
analysis in Fig. 3). Our value of α is similar to previous ra-
diation HD simulations covering 90◦ in azimuth by Stoll &
Kley (2014) which also found α  10−4. Isothermal simu-
lations by Nelson et al. (2013) and Manger & Klahr (2018)
reported higher values with α  10−3. Such higher values
are expected for isothermal simulations as those present the
upper limit of fastest cooling times. In addition we note that
the VSI strength depends on the disk’s aspect ratio (Nelson
et al. 2013) with stronger turbulence for larger scale heights.
Our aspect ratio H/R ranges from 0.09 at the inner radial
boundary to 0.14 at the outer boundary. We also highlight
the different nature of VSI turbulence compared with the tur-
bulence driven by magneto-rotational instability (MRI). The
azimuthal Fourier power spectrum we obtain for the VSI is
similar to previous results. The slope is shallow between
m = 1 and m = 10, steepening to m−5/3 between m = 10
and m = 100, and steepening further between m = 100 and
m = 1000. Manger & Klahr (2018) reported a similar profile
for wavenumbers up to 400.
4.2. The inner edge of the VSI active zone
Our simulation results show increasing VSI activity with
radius out to 35 au, after which the strength of the induced
turbulence levels off. The increase is connected to the fact
that the relaxation timescale is a decreasing fraction of the
orbital period as we move away from the star, falling fur-
ther below the threshold value below which the VSI operates.
Moving radially outwards, the disk becomes less optically-
thick, allowing faster thermal relaxation and strengthening
the VSI. Nelson et al. (2013) found the threshold for the re-
laxation timescale to be trelax = 0.1Ω−1. For trelax = 0.1 they
found that the VSI does not operate in the disk while decreas-
ing the relaxation time by only one order of magnitude was
enough to show a fully evolved turbulence (compare Fig. 12
in Nelson et al. (2013)). In Fig. 13, we compare the critical
timescale of the VSI with the thermal relaxation timescale as
described in Lin & Youdin (2015) and adopted by Malygin
et al. (2017) and Lyra & Umurhan (2019). For our model we
expect the VSI to be quenched inwards of 20 au. We find that
between 20 and 30 au the turbulence strengthens, saturating
at around 35 au (see Fig. 2). This turbulence profile triggers a
modification of the surface density profile, and the structure
that develops leads to the subsequent generation of a vortex
by the RWI. It is interesting to note that such a process of
surface density perturbation is very similar to the vortex gen-
eration mechanism in a magnetised disk which has a dead-
zone in the inner disk but which supports magnetorotational
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turbulence in the outer disc. Here the change in turbulence
activity also leads to the formation of a vortex at the outer
edge of the dead-zone (Flock et al. 2015). We interpret our
new result of a large scale and persistent vortex forming in a
non-magnetised disk in terms of a VSI dead-zone transition-
ing to an active zone once the thermal equilibrium timescale
reaches the critical timescale of the VSI. We note that the
exact location and size of the vortex might be influenced by
the initial surface density profile from which we restarted.
We expect that the VSI transition region should also occur in
simulations having a pure β cooling which depends on radius
and height. 2D maps of the thermal relaxation timescale were
presented by Pfeil & Klahr (2019), and these could easily be
implemented within the β cooling framework. Future studies
should test this transition regime of the VSI and its possible
impact on ring formation in protoplanetary disks.
4.3. Dust opacity feedback on the VSI activity
The position of the inner edge of VSI activity depends on
the optical depth and so on the total amount of dust. For
a lower dust abundance, the VSI activity is shifted inwards
(Flock et al. 2017b) while for a higher dust amount it is
shifted outward. For our model we estimate the inner edge of
the VSI activity to be at about 45 au, 18 au and 7 au for dust-
to-gas mass ratios of small grains of 10−2, 10−3 and 10−4.
The fact that the VSI activity is sensitive to the total opti-
cal depth and so the local dust abundance suggests positive
feedback could occur. For example, a small local random
fluctuation in the accretion stress may lead to the formation
of neighbouring disk annuli with higher and lower surface
densities. The resulting changes in the local optical depths
might reinforce the variation in accretion stress, allowing the
changes to amplify. Such a process may lead to the forma-
tion of ring-like perturbations in the surface density profile,
as demonstrated by Dullemond & Penzlin (2018). Further-
more, substantial concentration of grains may have a posi-
tive dynamical feedback effect, as the additional inertia the
grains provide might further reduce the turbulent activity in
the higher surface density regions relative to the surrounding
lower density regions (Lin 2019a).
4.4. Vortex formation
Our model develops a large-scale, long-lived vortex at
around 30 au. This vortex appears because of the surface
density perturbation arising from the spatial variation in tur-
bulent activity. The vortex aspect ratio of χ ∼ 8 is very simi-
lar to the value reported in Manger & Klahr (2018), who also
saw large-scale, long-lived vortices in their simulations of the
VSI operating in discs with very short cooling timescales.
Unlike their vortex, the one in our model does not migrate
because it is generated and maintained at a single persistent
feature in the surface density profile. The vortices in Manger
Figure 13. Radial profiles of the critical timescale for the VSI
(black) and the relaxation timescales at the midplane (red solid
curve) for the time of restart after 400 inner orbits with q = −0.5
as the radial temperature profile exponent. The red dotted and
dashed lines show the contribution from the optically thin and thick
timescales, see Flock et al. (2017b). The vertical axis is in units of
the local inverse Keplerian frequency.
& Klahr (2018) appear to be generated by the RWI operating
at the locations of intermittent surface density features that
arise as natural fluctuations in the flow. We do not see the
spontaneous emergence of large scale vortices by this mech-
anism in our simulation, likely due to the fact that the cooling
timescales adopted by Manger & Klahr (2018) lead to a more
vigorously operating VSI with a larger α value of ∼ 10−3,
compared to the smaller value of 10−4 we obtain in our simu-
lations. Fluctuations around this larger value of α likely lead
to larger fluctuations in the surface density profile, allowing
the emergence of multiple large scale vortices. Manger &
Klahr (2018) also use steeper power-law radial declines in
density and temperature, strengthening VSI activity and vor-
tex formation.
In addition to the large persistent vortex, we observe the
formation of many smaller vortices that have short life times,
on the order of the orbital period, because of their small as-
pect ratios. Both Richard et al. (2016) and Manger & Klahr
(2018) have reported the existence of similar small and short
lived vortices in simulations of the VSI. These could arise
from secondary instability because of the RWI or Kelvin-
Helmholtz instability which acts on small scale vortensity
perturbations generated by the VSI (Latter & Papaloizou
2018). The formation of small, tightly wrapped vortices with
small aspect ratios allows the elliptical instability to oper-
ate effectively, such that the vortices quickly dissolve into
the background turbulent flow. Vorticity capturing schemes,
such as that presented by Seligman & Laughlin (2017), might
be well suited for studying such small scale vorticies. Fi-
nally, we note that the reduced resolution of 35 cells per H
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in azimuth should nonetheless be high enough to study the
formation and evolution of vortices. For comparison Manger
& Klahr (2018) used a resolution of 12 cells per H.
4.5. Dust mixing and depletion of CO
In a recent work Krijt et al. (2018) found that dust growth
and settling can lead to a depletion of CO from the warm
molecular layer located at higher altitudes in the disk. Con-
nected to this idea we investigated whether the strong upward
motions of the VSI can lift 100 µm sized grains into these
warm molecular layers. However, none of the half-million
100 µm grains in our models reaches these irradiated lay-
ers. Nonetheless, the idea that grains in the cold midplane
can be mixed up into the warm molecular layer, and release
molecules to the gas phase, could still work for smaller grains
or grains which are more fluffy. The efficiency of CO deple-
tion, as presented in Krijt et al. (2018), should be investigated
for the vertical shear instability in the future.
4.6. Influence on pebble accretion
The growth of planetesimals and planetary embryos by the
accretion of pebbles is an important part of planet formation
(Johansen et al. 2015). For efficient pebble accretion the peb-
bles’ scale height should be smaller than the Hill sphere of
the planet, Hd < RH . The aspect ratio of our millimeter par-
ticles hd = 0.034 means that a planet at rp = 50 au has Hill
radius RH = rp
( qp
3
)1/3
exceeding the particles’ scale height
if the planet’s mass is greater than qp = 1.2 × 10−4 times
the stellar mass. For our 0.5-M star this translates to effi-
cient accretion of millimeter-sized pebbles by planets with
more than 20M⊕. Picogna et al. (2018) investigated the peb-
ble accretion efficiency in VSI turbulent disks and found a
peak for Stokes number unity grains because of their more
effective settling. Dust coagulation, fragmentation, and ra-
dial drift models predict typically a maximum Stokes number
of between 10−2 and 0.1 (Testi et al. 2014; Ueda et al. 2019),
similar to our 100 µm and mm-sized grains. For these values,
pebble accretion efficiency is reduced according to Picogna
et al. (2018). Further study is needed of the pebble accre-
tion efficiency on planets embedded in VSI turbulent disks.
Our results indicate that the turbulent velocities induced by
the VSI are likely to lead to the fragmentation of colliding
mm-sized grains, and the scale height of mm-sized grains is
too large to allow for efficient pebble accretion by terrestrial-
mass planetary embryos. It is difficult to avoid concluding
that the VSI is not conducive to either the early or late phases
of planet formation. Both problems, however, could be over-
come if strong local concentrations of dust grains can arise
such that the VSI is suppressed by the additional inertia pro-
vided by the particles (Lin 2019b).
4.7. What determines observed dust scale heights?
Good measurements of the dust scale height are so far
available only for a few of the brightest protoplanetary disks ,
assuming the dust opacity and the relevant grain sizes are cor-
rectly modelled. One of these is HL Tau, where the dust scale
height is much smaller than the expected gas scale height,
with a best fit hd = 0.007 at 100 au for millimeter-size grains
(Pinte et al. 2016). Millimeter-sized grains’ abundance is
confirmed by the system’s spectrum at millimeter to centime-
ter wavelengths (Carrasco-González et al. 2019). However,
to compare our results to HL Tau, we must allow for the dif-
fering Stokes number. If the grain density and size are the
same, the Stokes number is proportional to St ∼ 1/(ρgh).
The gas density in the disk around HL Tau has not been
observationally determined, so we estimate upper and lower
limits. The upper limit comes from the Toomre Q parameter,
which governs when the disk is gravitationally unstable. As
the disk shows no m = 2 pattern or spiral, it is likely stable
against self-gravity. Following Hasegawa et al. (2017), the
gas surface density at 35 au then cannot exceed 100 g cm−2,
eight times our value. The lower limit we derive from HCO+
observations by Yen et al. (2016). An HCO+-to-H2 ratio of
10−8 (Cleeves et al. 2015) would mean the HCO+ column
density of 1016 cm−2 at this position translates to a gas sur-
face density of 3 g cm−2. The gas scale height at 35 au from
HL Tau is only slightly smaller than in our model, with a
ratio (80K/30K)1/2 × (0.5M/1.7M)1/2 ≈ 0.9. Taking all
this together, for the upper gas density limit we estimate that
the Stokes number for millimeter grains at this position in
HL Tau is 7.2 times less than in our model, which by eq. 12
implies an even greater dust scale height of 0.072. For the
lower gas density limit, which is around four times less than
in our model, the Stokes number would be bigger by a factor
4.5, and so the dust scale height would be 0.017, still signifi-
cantly greater than the value of 0.007 measured for HL Tau.
In both gas density limits, the strong VSI mixing would
lead to a greater dust scale height than observed in HL Tau.
In the lower limit, the dust-to-gas mass ratio would be near
0.1, perhaps large enough that the dust’s back-reaction on the
gas could hamper VSI. However, it is unclear how a globally-
enhanced dust-to-gas ratio would be reached in such a young
system.
If the VSI is absent from these regions of protostellar disks,
what could be the reason?
One possibility is that magnetic activity in the disk’s atmo-
sphere could lead to turbulence that interferes with VSI (Lin
2019a; Cui & Bai 2019). Nelson et al. (2013) found that VSI
is prevented when the magnetic accretion-stress-to-pressure
ratio is several times 10−4. Whether magnetic activity is pos-
sible at these locations is worth further investigation.
5. CONCLUSION
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We have examined the implications for protoplanetary
disks of the vertical shear instability, using 3D radiation hy-
drodynamical simulations covering all 360◦ of azimuth at a
high resolution of 70 cells per scale height. Heating by the
star’s light and cooling by thermal infrared re-radiation are
included. The star and disk have parameters typical for a
T Tauri system. Dust particles 0.1 and 1 mm in radius are
tracked to examine how the VSI affects their motion.
Our findings for the gas kinematics and structure are the
following:
• The vertical shear instability is vigorous beyond 30 au
from the star, but nearly absent near the domain’s in-
ner edge at 20 au, where the longer thermal relaxation
timescale hinders VSI’s growth. The accretion stress
rises from 20 to 30 au, leading to a dip in the gas sur-
face density centered at 35 au, and an associated ring
and gap in the distribution of the dust particles.
• The VSI leads to flows whose saturated state yields a
stress-to-pressure ratio α ≈ 10−4. The value of α rises
with radius to a peak near 35 au, and falls only slightly
below this peak in the outer disk. The flows are mainly
vertical, roughly axisymmetric, and cross the midplane
with upward and downward speeds of 50 to 100 m s−1.
• Rossby wave instability forms a single large vortex on
the inner edge of the surface density dip. The vortex
persists for the whole remainder of the run and shows
no significant net migration. Its azimuthal and radial
extent are approximately 40 and 4 au.
• Many smaller vortices are seen by the vortensity maps
and through the dust concentrations they produce. The
smaller vortices are short-lived, disappearing usually
within about one local orbital period.
Our findings for the dust evolution and structure based on
the 100 µm and 1mm particles are as follows:
• The scale height of the mm-size grains subject to the
VSI is much larger than inferred from radio contin-
uum observations of the thermal dust emission in pro-
toplanetary disks. In units of the distance to the star,
the scale height is 0.034, whereas values of 0.007 were
found both in non-ideal MHD simulations (Flock et al.
2017b) and in radiative transfer modeling fit to obser-
vations of the HL Tau disk (Pinte et al. 2016).
• The vertical shear instability mixes particles verti-
cally much more strongly than it transfers angular
momentum radially. Fitting the grains’ scale height
by turbulent diffusion requires a coefficient 27 times
greater than expected from the angular momentum
transport rate, indicating extreme anisotropy. The
mm-size grains’ time- and space-averaged RMS ver-
tical turbulent speed
〈
v2z
〉1/2
= 0.017cs and the eddy
timescale is 0.2Ω−1, comparable to the velocity auto-
correlation timescale of magneto-rotational turbulence
(Turner et al. 2006).
• The RMS turbulent speeds of the 0.1 and 1 mm grains
are at least 14 and 12 m s−1. Grains colliding at these
speeds would fragment. Whether VSI drives fragmen-
tation in these disks could in principle be determined
by combining higher-resolution versions of the simu-
lations with observations to determine the grain sizes
present.
• The pressure perturbations by the vertical shear insta-
bility reduce the radial drift of particles. The mm-size
grains drift radially inwards at speeds of about 20 au
per 104 years at distances near 50 au which is only 16%
lower than expected in a laminar disk. While drifting,
they undergo upward and downward motions induced
by the vertical shear instability. Some lucky grains
drift more slowly, and some halt their drift when they
become trapped inside the large vortex.
The large dust scale height produced by VSI turbulence ap-
pears incompatible with the small scale height measured
in the HL Tau disk. The VSI’s efficient vertical mixing
would lead to the inclined disk’s rings being projected one on
top of the next, making the surface brightness profile much
smoother than observed (Pinte et al. 2016). Further work
is needed to identify the dominant angular transport mecha-
nism, a crucial ingredient for our understanding of gas and
dust evolution and planet formation in these disks.
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Figure 14. Stokes number at the midplane for the 0.1 and 1mm grains after 300 inner orbits of evolution.
APPENDIX
A. STOKES NUMBER AT THE MIDPLANE
The Stokes number for the 0.1 and 1 mm grains, calculated at the midplane density, azimuthally averaged, after 300 inner orbits
of gas evolution is shown in Fig. 14. The 1 mm grains show midplane Stokes numbers between 10−2 and 10−1 while the 0.1 mm
grains are one order of magnitude below.
B. IS THE VORTEX CAUSED BY THE ROSSBY-WAVE-INSTABILITY?
Following Li et al. (2000); Lyra et al. (2009); Meheut et al. (2013), a necessary condition for the Rossby-Wave-Instability is an
extremum in
L = Σ
2(∇ × v)Z
( P
Σ−γ
)2/γ
. (B1)
For our 3D model we calculate for the radial profile of L at the midplane and averaging over the first 100 inner orbits. The
results are shown in Fig. 15. There is a clear peak visible at around 30 au, the position where the vortex is formed.
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Figure 15. Radial profile of L, calculated at the midplane, azimuthally and time average for the first 100 inner orbits.
C. EVOLUTION OF SHORT LIVED VORTICES
In Fig. 16 we show snapshots of different times for a small vortensity minimum which is formed and decays again after a
lifetime of around 1.4 orbits.
D. FULLY EDGE-ON DUST COMPARISON
To compare the dust settling for the two grain sizes we show the particle distribution in Fig. 17.
E. RELATIVE VELOCITIES BETWEEN GRAINS
To further investigate the likely outcomes of collisions between grains we determine the relative velocity between the 100 µm
and 1 mm grains. For 100,000 randomly-chosen particles from each size bin we first calculate the mutual distances and relative
velocities. The resulting 105 × 105 dataset is sorted over distance and then time averaged for each individual particle. The
result is shown in Fig. 18 together with a linear fit. At collision the relative speed between the 100 µm and 1 mm grains is
around 13.8 m/s. This value matches very well the estimated turbulent speeds from section 3.6. Such collisions could lead
to fragmentation of silicate aggregate grains. However for ice covered grains the fragmentation threshold may be significantly
higher, reaching 30 m/s or above (Ueda et al. 2019). We do not resolve the ballistic scale. At 50 au, a grain with a Stokes number
of 0.05 and a velocity of 13 m/s will stop in a distance roughly 8 times smaller than our radial grid cell size at 50 au. Resolving
the stopping distance might lead to collision speeds low enough for efficient growth of ice coated grains. It is also the case that
we do resolve the characteristic length scales of the VSI, including the length scales associated with the coherent up and down
motion of the fluid generated by the VSI linear modes, and so the effects of these motions on the relative velocities of the grains
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Figure 16. Snapshot of the vortensity for a small radial region in the disk, taken every 0.17 local orbits at 65 au starting at 285 inner orbits. The
green circle marks the position during formation (top) and decay (bottom).
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Figure 17. Azimuthally averaged dust density for three representative dust grain size bins in the R− Z plane taken after 50 inner orbits of dust
evolution.
is captured by our analysis. Future simulations which resolve the characteristic stopping lengths of the particles will be required
to extrapolate the relative velocity versus distance curve with greater confidence.
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Figure 18. Distance and relative velocity between 100 µm grains and 1mm grains (black dots). A linear fit is overplotted (red line) using the
grains separated by less than 17 au. The intercept indicates that on collision we expect a relative speed of around 13.8 m/s
